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2.1 (Ekeland [3]). (X, , $f$ : $Xarrow[0, \infty]$
$(\mathrm{d}\mathrm{o}\mathrm{m}f:=\{x\in X|f(x)<\infty\}\neq\emptyset)$ , ( )
, x Cdomf \epsilon >0 , 2
$\overline{x}\in X$
$f(\overline{x})$ $\leq f(x_{0})-\epsilon d(x_{0},\overline{x})$ (1)
$f(x)$ $>f(\overline{x})-\epsilon d(x,\overline{x})$ $\forall x\in X,$ $x\neq\overline{x}$ . (2)
, , Caristi
2.2 (Caristi [1], Caristi &Kirk [2]). $X$ , $f$ : $Xarrow[0, \infty]$





2.3 ( [12]). $X$ , $f$ : $Xarrow[0, \infty]$ $\mathrm{d}\mathrm{o}\mathrm{m}f\neq\phi$,
, $\inf_{x\in X}f(x)<f(u)$ $u\in X$ , $v\neq u$





, $X$ , $\mathrm{Y}$
( ) , $\mathrm{Y}^{*}$ , $K\subset \mathrm{Y}$ ,




, $K$ $\leq_{K}$ ,
( $\mathrm{Y},$ \leq K
$\forall y_{1},y_{2}\in \mathrm{Y}$, $y_{1}\leq_{K}y_{2}\Leftrightarrow y_{2}-y_{1}\in Kdef$.
, $K$ pointed $\leq_{K}$ , ( )
, – ,
– ,
, $\mathrm{Y}$ intK $\neq\emptyset$ pointed $K$
( $\mathrm{Y}=K-K$ )
4 Caristi $|$
Tammer , $K$ $k^{0}\in \mathrm{i}\mathrm{n}\mathrm{t}K$ , $X\mathrm{x}\mathrm{Y}$
\preceq k ([7])
$(x_{1}, y_{1})\preceq_{k^{\mathrm{O}}}(x_{2}, y_{2})\Leftrightarrow y_{1}+d(x_{1}, x_{2})k^{0}\leq_{K}y_{2}def$ .
K pointed , \preceq k0 ,
$(X\cross \mathrm{Y}, \preceq_{k^{0}})$ , $A\subset X\cross \mathrm{Y}$ $(x, y)\in A$
$A$ $\preceq_{k^{0}}$ lower section $L_{A}(x$ ,
$L_{A}(x,y):=\{(x’,y’)\in A|(x’,y’)\preceq_{k^{0}}(x,y)\}$ .
, $P_{X}$ $P_{Y}$ , $X\mathrm{x}\mathrm{Y}$ $X$ $\mathrm{Y}$ ,
$P_{X}(x, y)=x$ for every $(x, y)\in X\cross \mathrm{Y}$
$P_{\mathrm{Y}}(x,y)=y$ for every $(x,y)\in X\cross \mathrm{Y}$
Isac , [8] $A$ ,
(H1) \preceq k $\{(x_{n},y_{n})\}_{n=1}^{\infty}\subset A$ $x_{n}arrow x\in X$ ,
$n\in N$ $(x,y)\in L_{A}(x_{n},y_{n})$ $y\in \mathrm{Y}$
$(l\mathrm{I}2)$ $\{(x_{n},y_{n})\}_{n=1}^{\infty}\subset A$ $x_{n}arrow x\in X$ $\{y_{n}\}$ $\leq_{K}$ ,
$n\in N$ $(x,y)\in A$ $y\leq_{Ky_{n}}$ $y\in \mathrm{Y}$




4.1 ([7]). $A\subset X\mathrm{x}\mathrm{Y}$ (H1) , , $P_{\mathrm{Y}}(A)$ $\subset\tilde{y}+K$
y\tilde \in Y , (xo,y )\in A ,
2 $(\overline{x},\overline{y})\in A$
(1) $(\overline{x},\overline{y})\preceq_{k^{0}}(x_{0},y_{0})$
(2) , $(x’,y’)\in A$ $(x’,y^{j})\preceq_{k^{0}}(\overline{x},\overline{y})$ , $x’=x$





41 $f$ : $Xarrow \mathrm{Y}$ $A:=\mathrm{e}\mathrm{p}\mathrm{i}f$ ,
Ekeland
4.2 ([7]). $f$ : $Xarrow \mathrm{Y}$ , $x\in X$ , $\tilde{y}\leq_{K}f(x)$
$\tilde{y}\in Y$ ,
(H3) $\{x’\in X|f(x’)+d(x’, x)k^{0}\leq_{K}f(x)\}$ $x\in X$
, xo\in X , 2
$\overline{x}\in X$
(1) $f(\overline{x})+d(\overline{x},x_{0})k^{0}\leq_{K}f(x_{0})$,
(2) $x\in X$ $f(x)+d(x,\overline{x})k^{0}\leq_{K}f(\overline{x})$ $x=\overline{x}$
, Caristi
4.3. $x_{0}\in X$ $f$ : $Xarrow \mathrm{Y}$ , $x\in X$
, $\tilde{y}\leq_{K}f(x)$ $y\tilde\in$ Y , (H3)
, T:X\rightarrow X ,




$\forall x\in X$ , $f(x)+d(x,\overline{x})k^{\mathit{0}}\leq_{K}f(\overline{x})\Rightarrow x=\overline{x}$. (3)
$f(Tx)+d(Tx,x)k^{0}\leq_{K}f(x)$ $\forall x\in X$ . (4)






([7] 3 ) , $K$ $k^{0}\in K\backslash (-K)$
, K pointed , 0\neq kO\in K
5.1 ([7]). $\varphi:\mathrm{Y}arrow[-\infty, \infty]$
$\varphi(y)=\inf\{t\in R|y\in tk^{0}-K\}$
, $\varphi$ 6
(1) $y\in \mathrm{Y}\mathfrak{l}^{}$. , $\varphi(y)>-\infty$ $[]^{}.,$ $\varphi$ proper $(\mathrm{d}\mathrm{o}\mathrm{m}\varphi\neq\emptyset)$
(2) $\varphi$
(3) $\varphi$
(4) $\varphi$ $\leq_{K}$ ( ) ( $y_{1}\leq_{K}y_{2}$ $\varphi(y_{1})\leq\varphi(y_{2})$ )
(5) $\{y\in \mathrm{Y}|\varphi(y)\leq t\}=tk^{0}-K$




5.2 ([7]). $(x_{0}, y_{0})\in A$ 3
(a) $P_{\mathrm{Y}}(A)\cap(y0-tk^{0}-K)=\emptyset\sim$ $t\sim\in R$
(b) $r\in R|^{}$. , $A^{r}:=$ { $x\in X|y\leq_{K}y_{\mathit{0}}+rk^{0}$ for some $(x,$ $y)\in A$} .
(c) $K$ , proper , ,
$\Phi$ : $\mathrm{Y}arrow R$ $A_{x}-y0$
, ( $x_{0}$ , yo)\in A , 2 (ffl, ?)\in A
(1) $\overline{y}+d(\overline{x}, x_{0})k^{0}\leq\kappa y_{0}$
(2) , $(x^{j}, y’)\in A$ $y’+d(\overline{x}, x’)k^{0}\leq_{K}\overline{y}$ $x’=x$
,
$y^{l}\in(\overline{y}-K)\backslash (\overline{y}-(0, \infty)k^{0}-K)_{\text{ }}$
5.3 ([7]). $f$ : $Xarrow \mathrm{Y}$ , $x_{0}\in X$ $r\in R$ , $\{x\in X|f(x)\leq_{K}$
$f(x_{0})+rk^{0}\}$ o , $\epsilon>0$ $f(X)\cap(f(x_{0})-\epsilon k^{0}-K\backslash \{0\})=\emptyset$
, 2 x-\in X
(1) $f(\overline{x})+\sqrt{\epsilon}d(\overline{x}, x_{0})k^{0}\leq_{K}f(x_{0})$ , $d(\overline{x}, x_{0})\leq\sqrt{\epsilon}$
(2) $f(x)+\sqrt{\epsilon}d(\overline{x},x)k^{0}\leq_{K}f(\overline{x})\Rightarrow x=\overline{x}$
, Caristi
5.4. $f$ : $Xarrow \mathrm{Y}$ , $x_{0}\in X$ $r\in R$ , $\{x\in X|f(x)\leq_{K}$
$f(x_{0})+rk^{0}\}$ , $\epsilon>\mathit{0}$ $f(X)\cap(f(x_{\mathit{0}})-\epsilon k^{0}-K\backslash \{0\})=\emptyset$
T:X\rightarrow X
$f(Tx)+\sqrt{\epsilon}d(Tx, x)k^{0}\leq_{K}f(x)$ , $\forall x\in X$
, T
Pmof. 53 , 43
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6 Caristi Ill
Tammer [6] , $A$ Y PYA ,
, I
6.1 ([6]). $K\backslash \{0\}\subset \mathrm{i}\mathrm{n}\mathrm{t}B$ $B\subset \mathrm{Y}$ ,
$A\subset X\cross Y$ (H1) , $P_{\mathrm{Y}}A\cap(\tilde{y}-\mathrm{i}\mathrm{n}\mathrm{t}B)=\emptyset$ $\tilde{y}\in Y$
, $(x_{0},y_{0})\in A$ , 2
$(\overline{x},\overline{y})\in A$
(1) $(\overline{x},\overline{y})\preceq_{k^{0}}(x_{\mathit{0}},y_{0})$
(2) $(x’,y’)\in A$ $(x’,y’)\preceq_{k^{0}}(\overline{x},\overline{y})$ , $x’=\overline{x}$
6.2 ([6]). $f$ : $Xarrow \mathrm{Y}$ $K\backslash \{\mathit{0}\}\subset \mathrm{i}\mathrm{n}\mathrm{t}B$ $B\subset Y$ ,
$f(X)\cap$ ( $\tilde{y}$ –intB)=\emptyset y\tilde \in Y , (H3)
, $x_{0}\in X$ , 2
$\overline{x}\in X$
(1) $f(\overline{x})+d(\overline{x},x_{0})k^{0}\leq_{K}f(x_{\mathit{0}})$
(2) $x\in X$ $f(x)+d(x,\overline{x})k^{0}\leq_{K}f(\overline{x})$ , $x=\overline{x}$
62
6.3. $f$ : $Xarrow \mathrm{Y},$ $x_{0}\in X$ , $B\subset \mathrm{Y}$ $K\backslash \{0\}\subset \mathrm{i}\mathrm{n}\mathrm{t}B$ $f(X)\cap$
$(\tilde{y}-\mathrm{i}\mathrm{n}\mathrm{t}B)=\emptyset$ $\tilde{y}\in Y$ , (H3)
, $T:Xarrow X$





7.1 ( [14]). $A$ $\mathrm{Y}$ $\epsilon>$ [$)$ $y\in Y$
$K$ $A$ $\epsilon$- (lower $\epsilon$-appproximately efficient point)
$y\in A$ $(y-K)\cap(A\backslash B_{\epsilon}(y))=\emptyset$ $B_{\epsilon}(y)=\{\hat{y}\in Y|||\hat{y}-y||\leq\epsilon\}$
120
$A$ $\mathrm{Y}$ $P_{Y}A$ ,
7.2. $A\subset X\cross \mathrm{Y}$ (H1) , ( (A)\B (y\tilde ))\cap (!/-clK) $=\emptyset$
$\tilde{y}\in \mathrm{Y},$ $\epsilon>0$ , $(x_{0}, y_{0})\in A$
, 2 (x, y-)\in A
(1) $(\overline{x},\overline{y})\preceq_{k^{0}}(x_{0},y_{\mathit{0}})$
(2) $(x’,y’)\in A$ $(x’,y’)\preceq_{\mathrm{k}^{\mathrm{O}}}(\overline{x}$ , ?$)$ , $x’=\overline{x}$
Pmof. $z$
$z:Yarrow R$ $z(y):= \inf\{t\in R|y\in tk^{0}-\mathrm{c}1K\}$
5.1 z proper, , , \leq K ,
$\{y\in \mathrm{Y}|z(y)\leq t\}=tk^{0}-\mathrm{c}1K$
$z(y+\lambda k^{0})=z(y)+\lambda$ $\forall y\in Y,$ $\lambda\in R$
, $z$ $P_{\mathrm{Y}}A$ $y\in P_{Y}A$
, $z(y-\tilde{y})\geq 0$ , $0\leq z(y-\tilde{y})\leq z(y)+z(-\tilde{y})$ , $z(y)\geq-z(-\tilde{y})$
, $z(y-\tilde{y})<0$ , $z$ $y-\tilde{y}\in-\lambda k^{0}-\mathrm{c}1K$ $\lambda>0$ ,
$y\in\tilde{y}-(\lambda k^{0}+\mathrm{c}1K)\subset\tilde{y}-(K+\mathrm{c}1K)\subset\tilde{y}-c1K$
$y\in P_{\mathrm{Y}}(A)$ $(P_{\mathrm{Y}}(A)\backslash B_{e}(\tilde{y}))\cap(\tilde{y}-\mathrm{c}1K)=\emptyset$ $y\in B_{\epsilon}(\tilde{y})$
, $z$ , $z(y) \geq\inf_{w\in B.(\overline{y})}z(w)>-\infty$
,
$z(y) \geq\min\{\inf_{w\in B.(\tilde{y})}z(w),$ $-z(-\tilde{y})\}>-\infty$
, $z$ $RA$
, $\{(x_{n},y_{n})\}_{n\geq 0}\subset A$ $(x_{n}, y_{n})\in A$ $(x_{n+1},y_{n+1})\in$
$A$ 2
(1) $(x_{n+1},y_{n+1})\preceq_{k^{0}}(x_{n},y_{n})$
(2) $z(y_{n+1}) \leq\inf\{z(y)|(x,y)\in A, (x,y)\preceq_{k^{0}}(x_{n},y_{n})\}+\frac{1}{n+1}$
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, $z$ $P_{\mathrm{Y}}A$ (H1) (1), (2)
, $\{(x_{n}, y_{n})\}\text{ }\preceq_{k^{0}}$-decreasing ,
$y_{n+p}+d(x_{n+p},x_{n})k^{0}\leq_{Ky_{n}}$ $\forall n,p\in N$,
$d(x_{\mathrm{n}+p}, x_{n}) \leq z(y_{n})-z(y_{n+p})\leq\frac{1}{n}$ $\forall n,p\in N$
, {x\sim (X,d) Cauchy xn x-E $X$
(H1) $n\in N$ , $(\overline{x},\overline{y})\in A,$ $(\overline{x},\overline{y})\preceq_{k^{0}}(x_{n},y_{n})$
$\overline{y}\in \mathrm{Y}$ $(\overline{x},\overline{y})$ $(x’,y’)\in A$ $(x’,y’)\preceq_{k^{\text{ }}}$
$(\overline{x},\overline{y})(\preceq_{k^{0}}(x_{n},y_{n})$ for every $n\in N$) $z(y’)+d(x’,\overline{x})\leq z(\overline{y})$
$d(x’, \overline{x})\leq z(\overline{y})-z(y’)\leq z(y_{n})-z(y’)\leq\frac{1}{n+1}$ $\forall n\geq 1$
$d(x^{j},\overline{x})=z(\overline{y})-z(y’)=0,$ $x’=\overline{x}$ $y’\leq_{K}\overline{y}$ $y’\neq\overline{y}$
$\overline{y}-y’\in K\backslash \{0\}$ $z(y’)<z(\overline{y})$
4 , Ekeland
Caristi
7.3. $f$ : $Xarrow \mathrm{Y}$ , $(f(X)\backslash B_{\epsilon}(\tilde{y}))\cap(\tilde{y}-\mathrm{c}1K)=\emptyset$ A $\tilde{y}\in \mathrm{Y},$ $\epsilon>0$
,
$\{x^{j}\in X|f(x’)+d(x’, x)k^{\mathit{0}}\leq_{K}f(x)\}$
$x\in X$ , $x_{0}\in X$ ,
2 $\overline{x}\in X$
(1) $f(\overline{x})+d(\overline{x},x_{0})k^{0}\leq_{K}f(x_{0})$
(2) $x\in X$ $f(x)+d(x,\overline{x})k^{0}\leq_{K}f(\overline{x})$ , $x=\overline{x}$
7.4. $f$ : $Xarrow Y,$ $x_{0}\in X$ , $(f(X)\backslash B_{e}(\tilde{y}))\cap(\tilde{y}-\mathrm{c}1K)=\emptyset$
$\tilde{y}\in \mathrm{Y}$ $\epsilon>0$ ,
$\{x’\in X|f(x’)+d(x’,x)k^{\mathit{0}}\leq_{K}f(x)\}$
x\in X , T:X\rightarrow X
$f(Tx)+d(Tx,x)k^{0}\leq_{K}f(x)$ $\forall x\in X$
, T
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